The fluorescence of Frenkel excitons in low density regime is studied without the aid of rotating wave approximation and Markov approximation. The evolution of the emitted field is derived in terms of its initial conditions. It is found that the usual interaction Hamiltonian of (e/mc)P•A type leads to unreasonable characteristic equation for decay rates. Only when the term (e 2 /2mc 2 )A 2 is added to the (e/mc)P•A, the result becomes reasonable. The case of single lattice layer is studied in detail. Different features of statistical properties of the superfluorescence are shown as compared with that of atom aggregate. Double and triple lattice-layer cases are also studied to show the effect of coupling between the excitons of different wave vectors.
I. INTRODUCTION
The spontaneous emission of low density excitons ͑Wan-nier or Frenkel͒ is of collective character even if there is only one exciton. The reason is that each exciton migrates over the whole quantum well ͑or crystal slab͒ coherently when the exciton density is low ͑so that overlapping can be neglected͒, leading to a collective transition dipole moment to interact with the electromagnetic field. But the fluorescence of such an exciton may have different features as compared with the usual superfluorescence of fully population-inverted atom aggregate. In the latter case the atoms radiate independently with each other in the initial stage, they become cooperative only after a time decay, resulting in an intense pulse of peak shape. The emitted field will show different statistical properties in the initial stage and later on stages. We shall see that the fluorescence of low density excitons are quite different. In general the exciton may have many eigenmodes. For those eigenmodes which are phase matching or nearby matching with the emitted light, the exciton fluorescence is superradiant, and this superfluorescence will exhibit identical statistical character during the whole process as will be demonstrated in this paper.
Another different feature between superfluorescences of excitons and of atom aggregate lies in that the cooperation of atom aggregate is limited by a finite length, the so called cooperation length 1 since the atoms come into phase coherently correlated state through the radiation field itself which has a finite extent, while the exciton of low density is a coherent excitation over the whole crystal, provided the carrier quantum well or crystal slab is ideal ͑no trapping effect occurs͒. For Wannier exciton, this feature is obvious since it is a pair of free electron and free hole bound together, still movable freely as a whole. Frenkel exciton is usually an excitation of lattice atom ͑molecular͒ in the crystal. However, the excitation will not be located at a fixed lattice, but transfer from one lattice to another due to atom-atom interaction, so that the stationary state is also a phase coherently superposed excited state over all the lattice. 2 This feature is reflected in the proportionality of exciton-photon coupling constant G to ͱN T in low density regime, where N T is the total number of atoms in the crystal. Nevertheless, this does not mean that the superradiant rate ⌫ will tend to infinity as N T →ϱ. The value of ⌫ will be limited by two effects: one is the reduction of the available photon states which restrains the value of ⌫ for large lateral crystal extension, another is the reabsorption of the emitted photon, which restrains ⌫ for large longitudinal crystal extension. The first effect will be demonstrated in Sec. V, the second effect is related to the formation of a new stationary state, polariton, as longitudinal extension tens to infinity.
In the literature 3-8 the authors usually devote themselves to deduce the radiant rate ⌫. The simplest way to this aim is to calculate ⌫ by the perturbation theory, namely in terms of Fermi golden rule. This approach has ignored reabsorption and stimulation effect so that it cannot be applied to thick crystal slab. Hanamura presented a different approach, he deduced a characteristic equation for ⌫ for the superfluorescence of Wannier excitons 3 in a two-dimensional quantum well with thickness of exciton diameter. But his characteristic equation, as we will see later, suffers the problem of existing a superfluous unphysical root which will lead to unreasonable temporal evolution of the field. Knoester proposed a general formulation for fluorescence of Frenkel excitons 5 and gave a correct characteristic equation for the Nϭ1 case, which is free from the above-mentioned unphysical pole. He also studied the crossover from the superradiant excitons to bulk polaritons. However, no detailed derivation is given for the effective coupling function F kk Ј () and for the character equation therein. Actually these results in Ref.
5 cannot be derived from simple coupling of form (e/mc)P•A, as will be seen in the following paragraphs.
In addition, one cannot limit oneself just to deriving the radiant rate. The photon field operator ͑and exciton field op-erator͒ also deserves investigation. It not only exhibits the dynamics of the radiation process, but also allows people to study the statistical properties of the emitted light. We note that no such statistical properties were investigated in Hanamura's paper 3 and Knoester's paper.
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Bjork et al. 7 have studied the time evolution of radiation intensity based upon the work of Rehler and Eberly, 9 in which each atom is assumed in a pure state and the time variation of the total atomic energy W(t) is derived by a relation which connects W(t) and radiation power I(t). Thus their results could not give any information with regard to the statistical properties of the emitted light field. Moreover, the stimulated emission and absorption are also neglected in their treatment.
Tobihiro et al. have investigated the superfluorescence of a highly excited linear mesoscopic chain of moleculars. 10, 11 They even take the static dipole-dipole interaction into account. But still no statistical properties of emitted light are reported.
In this paper, we shall limit to the case of low exciton regime and also to the case in which the wave vectors of excitons are perpendicular to the crystal slab. In this case, only the light modes propagating perpendicular to the crystal slab need be taken into account, and hence the coupled Heisenberg equations for exciton-photon system can be solved without Born-Markov as well as rotating wave approximation.
In Sec. II, we present the basic formulation with interaction Hamiltonian of (e/mc)P•A type which is usually adopted in studying radiation problem. A closed expression of the function F kk Ј () which measures the coupling of excitons with different wave vectors mediated by photons is derived for arbitrary number of lattice layers N. One sees that Eq. ͑1͒ of Ref. 5 is of the same form with our result, but the function F kk Ј is different from that in our derivation, apart a phase factor, by a substantial factor /⍀.
In Sec. III, the result obtained in the Sec. II is analyzed in the case of single lattice layer. We find that a root of the characteristic equation lies in the upper half of complex plane, which corresponds to negative value of ⌫ and hence leads to unphysical evolution of field operators. Change to the interaction of ϪE•d type, another problem emerges instead: a large real term appears in the characteristic equation which also makes its root unreasonable. Section IV deals with interaction Hamiltonian with (e 2 /2mc 2 )A 2 term added to the (e/mc)P•A. A modified reduced dynamical equation for exciton operator is obtained.
In Sec. V the single lattice-layer case is examined in detail on the basis of the modified reduced dynamical equation given in Sec. IV. The characteristic equation now becomes reasonable. The evolution of electric field is derived in terms of initial state of exciton. The superradiance character of the fluorescence in this case is analyzed, with the reduction factor due to photon states contraction derived explicitly. The light intensity as well as the first-and second-order degree of coherence are calculated to show the new features of the exciton fluorescence. Some striking results concerning the light intensity and degrees of coherence are presented. Section VI deals the cases of double lattice layers and triple lattice layers. The coupling between excitons with different wave vectors is taken into account. We see that only one mode is superradiant. Section VII presents a brief summary.
II. BASIC FORMULATION WITH P"A COUPLING
As mentioned in Sec. I, we consider a simple model of fluorescence of Frenkel excitons in a plane crystal slab which has ideal cubic lattice with N layers. The wave vectors of the excitons and light fields are all assumed perpendicular to the slab. The density of excitons is assumed low, so that the space filling effect and exciton-exciton direct coupling terms 12 can be neglected. This model is similar to that of Ref. 3 and should be the same as adopted by Ref. 5.
For (e/mc)P•A coupling, the Ĥ int between the photon and lattice atoms ͑two level͒ is of the form
where â q and â q † are the annihilation and creation operators of the photon with wave vector q, respectively, b l j and b l j † denote the creation and annihilation operator for an excitation of the two-level atom at jth lattice site in the lth layer. a denotes the lattice constant. The effective atom-photon coupling constant g(q) is taken as real with the expression
where ⍀ denotes the electronic transition frequency of the isolated lattice atom, d represents its transition dipole moment, which is assumed real and its direction lying in the slab plane. V is the normalization volume for the photon. Note that no rotating wave approximation is made in Eq. ͑1͒.
In the low density excitation region b l j and b l j † are bosonic operators, satisfying the commutation relation
͑3͒
Define the collective operator for the lth layer as
where N L is the total lattices sites within each layer. Evidently we have
Equation ͑1͒ may be rewritten as
͑5͒ no static dipole moment is taken into account for simplicity. Transform to Frenkel exciton annihilation operator with wave vector k,
where N is the total number of layers, and
in which m's are taken as symmetrical to zero:
since the values of k are assumed such that to each k there is a corresponding Ϫk. The values of l in Eq. ͑6͒ will be the same as m. It is easy to show that the exciton operators satisfy the following bosonic commutation relation
We get therefore the interaction Hamiltonian between the Frenkel excitons and photons as
where N T ϭNN L , representing the total number of lattice sites within the crystal slab as mentioned in Sec. I. O(k ϩq) may be called as wave-vector matching factor ͓notice that our O(kϩq) is defined somewhat differently from that in Ref. 5, apart from a phase factor e Ϫ(1/2)i(kϩq)(Nϩ1)a , by a factor 1/ͱN]. In our definition, it is real and equals to 1 for kϩqϭ0, and O(kϩq)Ͻ1, for kϩq 0.
It is well known that the exciton in a bulk crystal does not radiate, but forms polariton instead. This shows that a general treatment of exciton radiation should take the reabsorption effect into account, and one should calculate the radiant rate by solving dynamical equation 3,5 not simply by utilizing Fermi golden rule.
The Heisenberg equations for exciton and photon operators can be easily got from Ĥ int (t), with the results
Define the half side Fourier transformation as 
in which â q (0) and B k (0) means â q (t)͉ tϭ0 and B k (t)͉ tϭ0 , etc.
To ensure convergence, the in Eqs. ͑12͒ is actually attached to an infinitesimal positive imaginary part ⑀, namely stands for ϩi⑀. The inverse transformation of Eqs. ͑12͒ is readily seen to be
From Eqs. ͑13a͒ and ͑13b͒, one gets
Substituting Eq. ͑15͒ into Eq. ͑13c͒ yields
measuring the coupling of excitons with different wave vectors mediated by photons of various q. We take the photon normalization volume V to be AL where A is the area of the crystal slab, and let the slab located at the middle of the volume. When L is sufficient large, the summation in Eq. ͑17͒ may be converted to integration to give
where
a coupling parameter which is independent of photon momentum and photon normalization volume. Its dimension is the same as G 2 (q). For comparing Eq. ͑16͒ with Eqs. ͑1͒ and ͑2͒ of Ref. 5, we momentarily neglect the terms proportional to â q (0) and â Ϫq † (0) in the former and let Jϭ0 in the latter. After this abridgement, these two equations have the same form. But actually they are different, because our F kk Ј () differs from Eq. ͑2͒ of Ref. 5, apart from a phase factor, by a substantial factor ⍀/. We note that the coupling in Ref. 5 is also taken as P•A type.
Knoester further proposed 5 that F kk Ј () is strongly peaked around kϭkЈ and may be taken as F kk ()␦ kk Ј to a good approximation. This proposition of course holds exactly for Nϭ1 and Nϭϱ, since for Nϭ1 there is only one value of k namely kϭ0 and for Nϭϱ it corresponds to conservation of k. It may possibly be a good approximation when N is large but will not be valid in general, as already doubted by Andreani, 13 and also will be seen directly in Sec. VI. Thus a closed expression of F kk Ј () for k kЈ is desirable.
Substituting Eq. ͑10a͒ into Eq. ͑18͒, and carrying out the integration, we get
for the details, see Appendix A. When N→ϱ, the first two terms tend to zero, 5 hence
͑21͒
consistent with the conservation of k.
To deduce â q (), we need first to evaluate B k () ϩB Ϫk † (). From Eq. ͑16͒ and its Hermitian conjugate, we get a closed equation for B k ()ϩB Ϫk † () as follows:
͑22͒
This is what we call reduced dynamical equation for exciton operator in Sec. I. Having the expression of F kk Ј (), in principle this equation may be solved for
Eqs. ͑13a͒ and ͑13b͒ to get â q () and â Ϫq † (), the time evolution of photon field operator is then derived by the inverse Fourier transformation
where the z axis is taken perpendicular to the crystal slab surface, and Ê (z,) is given by
for sufficient large L.
III. THE PROBLEM FOR P"A COUPLING
Although the (e/mc)P•A interaction Hamiltonian is commonly used in treating emission and absorption problem, we find a serious problem in the above formulation. Let us see the simplest case, Nϭ1. Now the only allowable value of k is zero. As mentioned in Appendix A, when Nϭ1 the integral on the right-hand side of Eq. ͑18͒ is just equal to ic/, hence
After neglecting the terms proportional to â q (0) and â Ϫq † (0) as did in Ref. 5, Eq. ͑22͒ is reduced to
The roots of the characteristic equation
will determine the poles of B 0 ()ϩB 0 † () which turn out to be the decay rates and frequency shifts of the excitons. The above characteristic equation is a third-order algebraic equation:
3 Ϫ⍀ 2 ϩi⍀ 2 ϭ0. ͑29͒
Since /⍀Ӷ1, the roots of Eq. ͑29͒ are given approximately by 1,2,3 Х⍀Ϫ
The root 3 Хi in the upper half plane is an unphysical pole of B 0 ()ϩB 0 † (). When we use Eqs. ͑27͒ and ͑13a͒
and ͑13b͒ to evaluate Ê (z,t) according to Eqs. ͑25͒ and ͑26͒, the result will contain an unphysical term contributed by the root 3 , which gives ͗Ê (z,t)͘ 0 for spacelike internal ͉z͉
Ͼct ͑see Sec. V͒. Changing the integration path of to line Ϫϱϩi(ϩ⑀)→ϩϱϩi(ϩ⑀) may eliminate this problem but another problem arises: there will be a growing term ϳe t . Both results are unacceptable. We note that even if we remove a factor ⍀/ from righthand side of Eq. ͑25͒ to make our F 00 () coincide with that of Knoester, the characteristic equation is still different from Eq. ͑3͒ of Ref. 5 and remains to give unphysical root. In addition, we note that the Eq. ͑12͒ of Ref. 3 for zero transverse wave vector is the same as our Eq. ͑29͒, hence it also suffers from the problem of existing an unphysical root. Change to ϪE•d coupling, the only alteration is G 2 (q) being modified to N T (2͉q͉c/Vប)d 2 , so the function F 00 () for Nϭ1 becomes, instead of Eq. ͑25͒,
Writing the integrand as 1ϩ( 2 /c 2 )͓1/(q 2 Ϫ 2 /c 2 )͔ and remembering that has an infinitesimal positive imaginary part, the second term can be easily integrated out, resulting in
The real part of the above F 00 () now tends to minus infinity. Even if we cut off the integration range at q M ϳ1/a on account of our dipole approximation, (Ϫ2⍀ Re F 00 ) is still of order 8d 2 ⍀/បa 3 ϳ8e 2 ⍀/បa. Such large value of (Ϫ2⍀ Re F 00 ) will make the characteristic equation 2 ϩiϪ⍀ 2 Ϫ2⍀ Re F 00 ϭ0 ͑33͒
unreasonable, since its roots should have zero real parts, which means the eigenfrequency drops down to zero.
IV. THE FORMULATION WITH P"A PLUS A 2 COUPLING
It is seen from last section that e/mcP•A coupling leads to unphysical result and ϪE•d coupling also results in unreasonable characteristic equation. We remind that a twophoton coupling term (e 2 /2mc 2 )A 2 has been neglected in the (e/mc)P•A formulation. Now this term will be taken into account, which changes Eq. ͑9͒ to
is still given by Eq. ͑10b͒, and
We remind that two-level atom is only a working hypothesis, it does not meet the basic condition that the total levels of atom form a complete set, so sometimes one needs to do some additional handling. 14 In f (q,qЈ), originally there is a factor e •e Ј and summation over and Ј, where e denotes polarization vectors of the photon with ϭ1,2. For an atom with a complete set of eigenstates ͉n͘, we have
In the two-level approximation, Eq. ͑36͒ reduces to
where ⍀ stands for ⍀ 21 and dϭd 21 ϭd 12 . Taking e such that
Eq. ͑37͒ reduces to
͑38͒
Adding ͚ , Ј e •e Ј in Eq. ͑35͒ and utilizing Eq. ͑38͒, we get
This is the desired modification. We note in passing that the physical implication of Eq. ͑38͒ is
Substituting Eq. ͑39͒ into Eq. ͑34͒ and making use of
we get the amended Ĥ int (t) as
The equations for B k (t) and B Ϫk † (t) remain unaltered, while the equations for â q (t) and â Ϫq † (t) have an additional term:
Performing the half side Fourier transformation of Eqs. ͑42͒ as before, and eliminate
()͔ therein by use of Eqs. ͑13c͒ and ͑13d͒, we get
to replace Eqs. ͑13a͒ and ͑13b͒. Equations ͑13c͒ and ͑13d͒ together with Eqs. ͑43a͒ and ͑43b͒ form our revised simultaneous equations. Eliminating â q () and â Ϫq † from these equations, we get, instead of Eq. ͑22͒, a revised dynamical equation for exciton operator:
where F kk Ј () is the same as that in Sec. II. Comparing Eq. ͑44͒ with Eq. ͑22͒, we see that in the left-hand side
The right-hand side is also altered. These modifications will lead to reasonable values for decay rate and frequency shift, as we see in the next sections. Solving Eq. ͑44͒ for B k ()ϪB Ϫk † () and substituting it into Eqs. ͑43a͒ and ͑43b͒ to get
the time evolution of electromagnetic ͑e.m.͒ field operators may be derived still by Eqs. ͑23͒ and ͑24͒. We note that both the stimulated emission and reabsorption effects have already been taken into account.
V. SINGLE LATTICE-LAYER CASE: ELECTRIC FIELD, LIGHT INTENSITY, COHERENCE, AND STATISTICS PROPERTIES
In this section, the case of monolayer (Nϭ1) will be studied in detail. The characteristic equation for decay rates and frequency shifts now becomes 2 Ϫ⍀ 2 Ϫ 2 2 ⍀ F 00 ͑ ͒ϭ0. ͑46a͒
Substituting Eq. ͑25͒ in it yields 2 ϩiϪ⍀ 2 ϭ0 ͑46b͒ which just have two physical roots given by
Thus the problems which arises in the coupling (e/mc)P•A and coupling ϪE•d are eliminated. The term (e 2 /2mc 2 )A 2 is usually regarded as unimportant in treating the emission process, however, in our problem we see it is not so. We also see that in our problem the two interactions (e/mc)P•Aϩ(e 2 /2mc 2 )A 2 and ϪE•d are not equivalent to each other. As pointed out by many authors, 15 in the full quantum theory although one can use an unitary transformation to transform the (e/mc)P•Aϩ(e 2 2mc 2 )A 2 interaction to Ϫd•Ê interaction plus a term ͐P Ќ 2 d, but in the new basis, the operator Ê actually has the meaning of electric displacement, not the electric field, and satisfies a different dynamical equation. It is easy to see that if a factor 2 /q 2 c 2 is added in the integrand of F kk Ј () for Ϫd•Ê interaction, the corresponding characteristic equation will become the same as that for (e/mc)P•Â ϩ(e 2 /2mc 2 )Â 2 . We note that the factor 2 /q 2 c 2 also expresses the difference between the right-hand sides of Eqs. ͑2.12͒ and ͑2.14͒ in the first paper of Ref. 15 .
To see the photon field generated by exciton fluorescence, we drop the terms proportional to â q (0) or â Ϫq † (0) in Eqs. ͑44͒ and ͑45͒, and hence get
͑47͒
It gives in turn that
͑48͒
In the region zϾ0 outside the layer, the integral in Eq. ͑24͒ can be evaluated by adding an infinite half circle in the upper complex q plane. Substituting Eq. ͑48͒ into it yields
͑49͒
We remind that A is the area of the layer, it is also the cross area of the normalization volume for the photon. The electric field Ê (z,t) in the zϾ0 region generated by the exciton is then calculated by Eq. ͑23͒. For the case z ϪctϾ0(Ͻ0), one may add an infinite upper ͑lower͒ half circle in the plane to form a closed contour. The results so obtained are given by
in which
and ⍀ 0 Ϫ⍀ stands for the frequency shift. Equation ͑50a͒ is the consequence of the result that all the roots of the characteristic equation are in the lower half plane of complex variable . The previous characteristic equation ͓Eq. ͑29͔͒ has a root in the upper half plane, hence it violates the requirement that emitted field should be zero in spacelike interval.
Equations ͑50b͒ and ͑51͒ show the exciton-generated electric field in zϾ0 region behaves like a damped wave propagating in forward direction as required. No peak develops. The decay is of exponential type, demonstrating the cooperation of radiation is from beginning to the end.
For reference, we write down the neglected part in Ê (z,t), which is proportional to â q (0) and â q † (0), as Ê Ј(z,t)
Ϫi͉q͉c(tϪz/c)
for zϪctϾ0, and Ê Ј(z,t) equals zero for zϪctϽ0, while
it is just the free varying photon field. We note that Ê Ј(z,t) is proportional to namely proportional to the square of coupling constant. Ê (z,t) in zϽ0 region can be derived similarly. The result is a damped wave propagating in the backward z direction instead. The polarization vector of electric field is along the transition dipole moment d which is assumed lying in the plane of slab.
The magnetic field can be derived from the electric field through Maxwell equations. One sees that the energy flux Ŝ is directed outward from the crystal film, both in zϾ0 and in zϽ0 sides. We note that the above solution is free from Markov approximation and also free from rotating wave approximation.
The decay rate of emission intensity equals to , which can be reexpressed by
where ␥ is the Einstein A coefficient of an isolated lattice atom, ⑄ denotes the reduced wavelength, namely c/⍀. Outwardly, only a number of 3(⑄ 2 /a 2 ) atoms, i.e., number of lattice sites in an area 3(⑄ 2 ), are involved in cooperation. Nevertheless, it is not the true physics. From Eqs. ͑9͒ and ͑10͒ it is seen that for Nϭ1, GϭͱN L g, and B k ϭ(1/ͱN L ) ͚ j b j , hence all atoms in the layer are involved in cooperation, they interact with photon collectively. The factor 3(⑄ 2 /a 2 ) actually comes from the reduction of available photon states in our one-dimension model as compared with that of isolated atom, which will be explained in the following.
In one-dimension model, the number of photon states within the range dk is 2(L/2)dk, the factor 2 counts the two sides of the slab, while in the three-dimension case the corresponding number of photon states is (L/2) 3 4k 2 dk. The reduction factor is then
which equals 2(⑄ 2 /L 2 ) at the frequency ⍀. Thus the enhancement factor, ␣ times the number of cooperation, turns out to be
͑55͒
There is still a factor 2 3 of difference, which is due to our assumption that the dipole moment lies in the plane of the crystal film.
We now study the coherence and statistical properties as well as the evolution of intensity of the emitted e.m. field. From Eqs. ͑50b͒ and ͑51͒,
hence if initially the exciton is in chaotic state, number state or in general a state with density matrix diagonal in Fock representation, ͗Ê (z,t)͘ will be zero for all times, which means no coherent part will develop in the emitted ͑e.m.͒ field, even though the radiation is cooperative. When the exciton is initially in coherent state, a coherence part of emit-ted field results consequently. However, the emitted field is not exactly in a coherent state as we shall see below Eq. ͑59͒. It seems that the ''Ê (ϩ) (z,t) part'' of Ê (z,t) for zϪct Ͻ0 is just Ê (ϩ) (z,t) defined by Eq. ͑51͒, since it is a damped wave with positive frequency. However, this is not true according to the original definition. The original definition of Ê (ϩ) (z,t) is the part consisting of photon annihilation operators:
͑57͒
The integration respect to q cannot be carried out analytically because of the factor 1/(Ϫ͉q͉c). We can only arrive at the following results:
for tϽ0, and
for tϾ0, in which
where q ϵ͉q͉c, M is the cutoff frequency due to our dipole approximation with the value M ϳc/a. Actually one may write the upper limit of integration as ϱ, since it is convergent when M →ϱ, and c/a is already sufficiently large. All the integrals in Eqs. ͑58͒ can be expressed by complex Si and Ci functions. We see that the third terms in the square brackets are components of negative frequency. The operator â q (t) may also be calculated by Eqs. ͑43a͒ and ͑47͒ with the result
This equation shows that the eigenstate of B 0 (0) is not just the eigenstate of â q (t) because of the terms proportional to B 0 † (0), confirming that the emitted field is not exactly in a coherent state as mentioned below Eq. ͑56͒.
Since electromagnetic interaction is weak, we shall not take account of dressing effect. For example, the Heisenberg state in which initially there is one physical exciton is just taken as B 0 † (0)͉0͘, where ͉0͘ is the bare vacuum state. The light intensity of a state ͉͘ is now defined as
where the symbol :: means the normal product according to B 0 (0) and B 0 † (0). Similarly, the first-order degree of coherence of emitted field is given by
When the exciton initially is in a state with density matrix diagonal in Fock representation ͑including chaotic state and number state͒, we have .
͑62͒
For initial exciton in coherent state ͉␣͘, g (1) (z,t;z,tϩ) may be obtained by following formulas:
and similar expression for I(z,t) and I(z,tϩ) in its denominator, where ␣ is the eigenvalue of B 0 (0), namely B 0 (0)͉␣͘ϭ␣͉␣͘. We note that in case the antirotating terms in Ê (ϩ) (z,t), which include the term proportional to F 2 (z,t) as well as the negative frequency term in F 1 (z,t), are dropped, the g (1) (z,t;z,tϩ) will be independent of the initial condition of the excitons. However, numerical calculation shows that F 2 (z,t) is not negligible as compared with F 1 (z,t). As to the negative frequency term in F 1 (z,t), it is indeed negligibly small. Numerical calculation also shows that Ê (ϩ) (z,t) is quite different from Ê (ϩ) (z,t). The magnitude of the coefficient of B 0 (0) in Ê (ϩ) is less than that in Ê (ϩ) (z,t) while the magnitude of the coefficient of B 0 ϩ (0) in Ê (ϩ) is much larger than that in Ê (ϩ) (z,t). A striking result is that the I(z,t) defined by Eq. ͑60͒ oscillates rapidly with frequency ⍀ 0 and soon afterwards quivers irregularly with time, contrary to what people usually expect. In Fig. 1 some numerical curves are given to show this time evolution. For comparison we also plot the curve
The values of I(z,t) are obtained by substituting ͓1ϩ⍀/⍀ 0 Ϫ(i/2)/⍀ 0 ͔e Ϫi⍀ 0 (tϪz/c)Ϫ(1/2)(tϪz/c) for F 1 (z,t) and substituting
for F 2 (z,t) in Eqs. ͑62͒ and ͑63͒. We see from Fig. 1 that I(z,t) is slightly below the smoothed I(z,t). I(z,t) also has its own meaning. It is just the cycle average of the expectation value of energy flux operator Ŝ (z,t) ϭ(c/4):Ê (z,t) 2 :. The role of cycle average is to eliminate the rapid oscillating terms (c/4)͉͗:Ê (Ϫ) (z,t) 2 :͉͘ and (c/4)͉͗:Ê (ϩ) (z,t) 2 :͉͘. Another striking result is that I(z,t) does not vanish immediately as ͉z͉ goes beyond ct(tϾ0) to enter the spacelike region but gradually drops down as shown in Fig. 2 . This result may be regarded as an exhibition that Ê (ϩ) (z,t) does not have the meaning of annihilating a photon at position z. As a contrast, Ê (z,t) does vanish immediately as ͉z͉ goes beyond ct ͓see Eq. ͑50a͔͒ which is a natural result from the retarded solution.
The absolute values of g (1) are shown in Fig. 3, together with the absolute values of G (1) , in which the Ê (Ϯ) are used to substitute Ê (Ϯ) . The curves for ͉G (1) ͉ are all straight lines with height always equal to 1, no matter the initial exciton state is coherent or with density matrix diagonal in Fock representation. The curves for ͉g (1) ͉ are different. In the case that the density matrix of the initial exciton state is diagonal in Fock representation, ͉g
(1) ͉ first oscillates rapidly and soon afterwards quivers irregularly around a nearly straight line with height ͉g
(1) ͉ϭ0.8. A striking result is that for coherent initial exciton state the ͉g (1) ͉ keeps equal to 1 without any vibration. It is also independent of , the phase of ␣.
The second degree of coherence g (2) (z,t;z,tϩ) is now defined by
͑65͒
For comparison we also plot the curves of ͉G (2) (z,t;z,t ϩ)͉ by substituting Ê (Ϯ) for Ê (Ϯ) in Eq. ͑65͒. The results for chaotic initial exciton states are shown in Fig. 4 . We see that ͉G
(2) ͉ is always equal to 2 and does not I(z,t) . ͑a͒ The case that the density matrix of initial exciton state is diagonal in Fock representation, including the chaotic state and number state. ͑b͒-͑d͒ The cases that the initial exciton state is coherent state with eigenvalue ␣ϭ͉␣͉e i . drop down when time difference becomes large, while ͉g (2) ͉ fluctuates around about 1.2 and shows only small differences for different values of ͗n͘. These results mean that despite superradiance, the light generated by such excitons is bunching, but not serious. For initial number exciton states, ͉G (2) ͉ is almost given by 1Ϫ1/n as can be seen from Fig. 5 , while ͉g (2) ͉ shows less dependence on n. When nϭ50, it still vibrates around 0.6, hence quite evident antibunching remains.
FIG. 2. Space distribution of intensity I(z,t). ͑a͒ tϭ2/⍀, ͑b͒
The ͉g (2) ͉ and ͉G (2) ͉ for coherent initial states are shown in Fig. 6 . All curves for ͉G (2) ͉ are equal to 1, independent of ͗n͘ and where ͗n͘
(1/2) e i ϭ␣. However, the situation for ͉g The above results indicate explicitly that despite the investigated exciton superfluorescence is totally collective, its coherence and statistics still have diverse possibilities.
VI. CASE OF DOUBLE AND TRIPLE LATTICE LAYERS
We have studied the single lattice layer case in some detail. In this section we will turn to study the fluorescence of Frenkel exciton in double and triple lattice layers. For . As can beseen from Eq. ͑75͒, these two eigenmodes correspond to the operators (1/ͱ2)͓B ϩ (0)ϩB Ϫ (0)͔ and (1/ͱ2)͓B ϩ (0) ϪB Ϫ (0)͔, respectively. Hence they correspond to modes of mϭ0 (kϭ0) and mϭ1 (kϭ/a) with the operators
͑77͒
We see from Eq. ͑71͒ that mϭ0 mode is the superradiant mode and mϭ1 mode is the subradiant mode. The dipoles of the two layers have the same phase for the former and have opposite phase for the latter. By Eq. ͑53͒, the decay rate ⌫ 2 of subradiant mode is still as large as 3/4 times ␥, the decay rate of a single atom ͑molecular͒, because the atoms in each layer are still cooperated. The decay rate of kϭ0 mode is nearly twice that of monolayer, which is just the character of superfluorescence. The above result also shows: when values of k are taken as symmetrical set kϭϮ/2a, which are required by our mathematical formation, the coupling between two exciton modes is most important. But for unsymmetrical set kϭ0 and kϭ1 there is no coupling between two corresponding modes.
As discussed in last section, even for the superradiant Eq. ͑75͒ the coherent part of the electric field ͗Ê (z,t)͘ will be nonzero when the initial state of the exciton is a coherent state, and when the initial density matrix of the exciton is diagonal in Fock representation ͑including number state, chaotic state͒, the coherent part of ͗Ê (z,t)͘ will be zero. Up to the first order of ⍀a/c and /⍀, the Ê (z,t) is expressed by the superradiant mode operator B 0 (0) and the subradiant mode operator B 1 (0) as follows:
for zϾ0 and tϪz/cϾ0. Similar results may be obtained for zϽ0,tϩz/cϾ0. Ê (z,t) is equal to zero if (zϾ0,tϪz/cϽ0) or (zϽ0,tϩz/cϽ0). We already have seen irregular behaviors of the usual intensity operator in the single layer case, here only the energy flux operator is studied. The energy flux is defined by Ŝ͑z,t ͒ϭ c 4 :Ê ͑ z,t ͒ϫB ͑ z,t ͒:. ͑79͒
It readily shows that Ŝ is always directed outward from the crystal film. So we rewrite Ŝ as nŜ , in which n is unit vector directing the outer space from lattice layers and ͗Ŝ (z,t)͘ may be evaluated from Eq. ͑78͒. After neglecting oscillating terms and higher-order terms of /⍀ and ⍀a/c, we have
We see from Eqs. ͑80͒ that the energy flux decays in three different rates. The first term, which is contributed by the exciton of the short lifetime, plays an important part at the beginning time. The second term contributed by the exciton of the long lifetime becomes dominant at the latter time of the process. The third term will exhibit itself in the intermediate stage. Now we turn to the case of triple lattice layers. The cases of odd N and even N have a qualitative difference in the m-value series Ϫ1/2(NϪ1), . . . modes. This means for the two subradiant modes, the coupling between modes of different k is important. As to the superradiant mode, only small components of mϭϮ1 modes are mixed to the kϭ0 mode ͓cf. Eq. ͑B5͒ of Appendix B͔. In terms of the operators for annihilation on excitation in the lth layer B l , the annihilation operator for the three eigenmodes are approximately expressed by
We see that in the superradiant mode(mϭ0) the three B l 's are added constructively, hence the emission is totally cooperative. However, as in the previous cases, the statistical properties of the light of this mode still may have different varieties, depending on the initial state of the excitons. As to the two subradiant modes, the operators of three layers are superposed destructively, resulting in a long time emission.
For the zϾa region, the energy flux is given by ͗Ŝ ͑ z,t ͒͘ϭ͗Ŝ 1 ͑ z,t ͒͘ϩ͗Ŝ 2 ͑ z,t ͒͘,
͑92͒
where ͗Ŝ 1 (z,t)͘ is the main part, it is expressed by ͗Ŝ 2 (z,t)͘ only appears when the initial exciton density matrix in Fock representation has nondiagonal elements.
VII. BRIEF SUMMARY
In this paper we investigate the fluorescence of low density Frenkel excitons in a plane crystal slab. The excitons are assumed to be ideal bosons. The coupled Heisenberg equations of exciton operator and photon operators for arbitrary number of lattice layers are studied without Markov approximation and rotating wave approximation. The simplest case of single layer is first studied. When the interaction Hamiltonian is of type (e/mc)P•A, the characteristic equation for the decay rate and frequency shift will have an unphysical root with negative decay rate. Change to the interaction of ϪE•d type, another unphysical result appears: the eigenfrequency drops down to zero. Only when the two-photon coupling term (e 2 /2mc 2 )A 2 is complemented to (e/mc)P•A, the characteristic equation becomes reasonable. No unphysical root appears.
The superfluorescence of excitons in the case of single lattice layer is studied in detail. Some different features are shown as compared with the superfluorescence of atom aggregate:
͑i͒ Actually, all the lattice atoms in the layer are involved in the cooperative radiation. That the decay rate does not go infinite with increasing of number of lattice atoms is due to the reduction of the available photon states. ͑ii͒ The cooperation of radiation exists almost from the beginning to the end, except at the very beginning.
͑iii͒ The fluorescence intensity shows irregular quivers. These fluctuations are thought generated by the antirotating terms. We know that in the simple case where atom interacts with a single-mode light field, the antirotating term already induce additional rapid oscillations, 16 it is imaginable that in the case where atoms interact with multimode light field, these rapid oscillations of different frequencies will turn to irregular quivers.
͑iv͒ The ͗Ê (z,t)͘ is identical to zero outside the light cone (͉z͉ϪctϾ0), but the intensity I(z,t) is not so. It penetrates outside the light cone to a small distance. This situation reminds us of the similar behavior of the photon propagator ͗0͉TÂ (x,t)Â (0,0)͉0͘ in the interaction picture, which is also not identical to zero in the spacelike region rϪct Ͼ0 ͑for tϾ0). This result shows that an atom may detect a photon in the region where ͗Ê ͘ is zero.
͑v͒ Despite the fluorescence is of cooperative nature, the coherent and statistical properties of the emitted light still have various possibilities depending on the exciton initial conditions. The degrees of coherence g (1) and g (2) also show irregular fluctuations.
The cases of double and triple lattice layers are studied subsequently also by the interaction (e/mc)P•A ϩ(e 2 /2mc 2 )A 2 . Similarly no unphysical root of the characteristic equation is found. When the value of k is taken as the symmetrical set given by Eqs. ͑8͒, in general the coupling between the modes of different k cannot be neglected. In the double lattice-layer case, both the superradiant mode and subradiant mode are mixture of kϭϮ/2a modes with equal weights. In the triple lattice layer case, the two subradiant modes are basically mixtures of kϭϮ/a modes with equal weights, but the superradiant mode is mainly the kϭ0 mode.
